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Abstract
In here the matrix model approach, by Dijkgraaf and Vafa, is used in order to obtain the
eective superpotential for a certain deformation of N=4 SYM discovered by Leigh and
Strassler. An exact solution to the matrix model Lagrangian is found and is expressed
in terms of elliptic functions.
1 Introduction
Recently Dijkgraaf and Vafa proposed a method using the matrix model to calculate
the eective superpotential for N=1 supersymmetric gauge theories [0], [0], [0], [0]. In
particular they showed for the mass perturbation of N=4 SYM theory down to an N=1
theory, that the eective superpotential agreed with the result by Dorey [0] obtained
with dierent methods.
One class of interesting N=1 superconformal theories are the ones discovered by Leigh
and Strassler as marginal and relevant deformations of N=4 SYM. We use the matrix
model to extract the eective superpotential for a particular relevant perturbation of
N=4 SYM, discovered by Leigh and Strassler [0]. This superpotential is very similar
to the one studied by Dorey et.al. [0], it diers though through the elds in the q-
deformed commutator, in their case they are + = 1 + i2 and − = 1 − i2 and
in our case we have 1 and 2 therefore it could be of interest to really understand the
physical dierences between them. In the case when the deformed commutator becomes
an ordinary commutator they both reduce to the mass deformed theory mentioned above.
Even though this case looks at rst sight a bit more dicult than the case studied
by Dorey etc, it has some nice properties that will be seen. For instance it transforms
in a nice way under S transformation and the eigenvalue distribution is symmetrical
distributed around zero. We expect that these nice properties are due to the symmetries
between exchange of the elds which is absent in the other [0] case.
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2 The action and the elliptic world









where the elds i are chiral transforming under U(N). Now we would like to apply the
method of Dijkgraaf and Vafa in order to nd an eective superpotential of the U(N)






and expand it around the classical vacuum where cl = 0. The elds are all to be treated
as hermitian matrices. It would be nice to see that even in this case the equations of
motions for the quantum fluctuation will yield an elliptic structure, and indeed we will
see that that is the case. Integrating out 2 and 3 and diagonalizing 1 the partition
function looks like
The other part ∂SF0 is the derivative of the planar free energy and can be calculated
from integrating the force on the probe eigenvalue (??) from the innity to the eigenvalue
cut, but also here we should be careful, just as in the other Leigh-Strassler deformation
studied by Dorey et.al., there is also a \zero point" contribution to the free energy. From
considering the Lagrangian (??), in the exponent there was the term 2 sinh2(x/2) this
could have been rewritten like (coshx−1), that is we get a zero point energy contribution
from that constant, which more explicitly looks like −2Nm3/gs sin2 2β, the zero genus
free energy is this times g2s , that is −2Sm3/ sin2 2β. Thus the total derivative of the free
energy with respect to S becomes
We see that the eective superpotential expressed in terms of the loop integrals:
How vk behaves for small values of τ can be seen from using the modular properties
of the θ1 functions
zk = ln
θ1(β0 − vkjτ)




θ1((β0 − vk)/τ j − 1/τ)
θ1((β0 + vk)/τ j − 1/τ) (3)




We have to look at two dierent cases, the case when vk is purely imaginary, then the
second term becomes 2ivk/τ and in the other case the second term becomes 2iβ/τ . In
the rst case then
To get the gluino condensate we dierentiate the eective superpotential (??) with
respect to τ0, that will also correspond to the S we calculated in the appendix. Remember
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though to see that you have to remember that the relation between τ0 and τ is in general
a bit complicated. Anyway taking the mass decoupling limit, letting m ! 1 together
with τ ! i1 such that m3q2 = 3, where  is a constant, we see that we get that the
eective superpotential becomes a constant independent of β as it should.
3 Classical vacua, confinement and S-duality
In [0] they found that the underlying S-duality from the N = 4 SYM was realized, in
the mass perturbed case, via modular transformation on the gauge coupling relating the
superpotential for dierent massive vacua and a similar thing was found in [0]. In [0] they
extract an SU(N) version of the Leigh-Strassler deformation they looked at and found
for instance that the conning vacuum was related to the higgs vacuum via S-duality.
Here we will look at the eigenvalue distribution around the classical cl = 0 and see what
will happened to it if we perform an S-transformation and then take its classical limit.
We will see that it is proportional to some of the classical vacua of the theory.
Berenstein et.al. [0] looked at the classical solutions to the same model as we are
considering. That is they started from the superpotential
In [0] they conjecture a method for getting the values for the eigenvalues of the
condensate of the eld , we will see that this method indeed gives us the right type
of expectation value of 2, and performing an S-transformation on those eigenvalues
reproduces something proportional to the vacua above in the classical limit τ ! i1. In
order to get the eigenvalue distribution the idea is now rst to notice that the eigenvalues
λi to the eld 1 is
Now we will see which nice properties this λ(x) has under S-transformation, letting
τ0 ! −1/τ0 the eigenvalues λ(x) becomes
Then we had a brief look at how S-transformation acts on the solution and saw that
the conning vacuum was related to some higgs vaccum in the classical limit.
A Calculations
For all the relations between elliptic functions and theta functions and the integrals over
them see [0] and [0]
A.1 The coefficients
The constants Ck can be determined by the fact that the residue of (??) around uk
should coincide with the residual of (??) around uk. Do a Laurent expansion of tanh
around x = zk in (??)
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